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GENERALIZED KDV EQUATION POSED ON A
HALF-LINE
N. A. LARKIN
DEPARTAMENTO DE MATEMA´TICA,
UNIVERSIDADE ESTADUAL DE MARING
87020-900, MARING, PARANA, BRAZIL
Abstract. An initial-boundary value problem for a generalized
KdV equation posed on a half-line is considered. Existence and
uniqueness of global regular solutions for arbitrary smooth initial
data are established.
1. Introduction
We are concerned with an initial-boundary value problem (IBVP)
posed on the right half-line x > 0 for the generalized KdV equation
Lu ≡ ut + u
kux + uxxx = 0. (1.1)
Equation (1.1) is a typical example of so-called dispersive equations
attracting considerable attention of both pure and applied mathemati-
cians. The KdV equation, k = 1, is more studied in this context. The
theory of the initial-value problem (IVP henceforth) for (1.1) when
k = 1 is considerably advanced today [2, 8, 9, 17].
Although dispersive equations were deduced for the whole real line,
necessity to calculate numerically the Cauchy problem approximating
the real line by finite intervals implies to study initial-boundary value
problems posed on bounded and unbounded intervals [3, 12, 13]. What
concerns (1.1) with k > 1, l = 1, called generalized KdV equations, the
Cauchy problem was studied in [15, 16] and later in [5, 6, 7, 9], where
it has been established that for k = 4 (the critical case) the problem
is well-posed for small initial data, whereas for arbitrary initial data
solutions may blow-up in a finite time. The generalized Korteweg-de
Vries equation was studied for understanding the interaction between
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the dispersive term and the nonlinearity in the context of the the-
ory of nonlinear dispersive evolution equations [9]. In [14], the initial-
boundary value problem for the generalized KdV equation with an
internal damping posed on a bounded interval was studied in the criti-
cal case; exponential decay of weak solutions for small initial data has
been established.
Recently, due to physics and numerics needs, publications on initial-
boundary value problems in both bounded and unbounded domains for
dispersive equations have been appeared [12, 13, 17]. In particular, it
has been discovered that the KdV equation posed on a bounded inter-
val possesses an implicit internal dissipation. This allowed to prove the
exponential decay rate of small solutions for (1.1) with k = 1 posed
on bounded intervals without adding any artificial damping term [13].
Similar results were proved for a wide class of dispersive equations of
any odd order with one space variable [3, 12, 13].
Our work has been inspired by [14] where the critical KdV equation
with internal damping posed on a bounded interval was considered and
exponential decay of weak solutions has been established.
The main goal of our work is to prove for arbitrary smooth initial
data the existence and uniqueness of global-in-time regular solutions
for (1.1) posed on the right half-line. The paper is outlined as follows:
Section I is the Introduction. Section 2 contains formulation of the
problem and auxiliaries. In Section 3, regularization by an initial–
boundary value problem for the Kawahara equation was used to prove
the existence and exponential decay of regular global solutions without
smallness conditions for initial data .
2. Problem and preliminaries
Let T > 0; and R+ = {x ∈ R1, x > 0}, QT = (0, T ) × R
+. We
use the usual notations of Sobolev spaces W k,p, Lp and Hk and the
following notations for the norms [1]:
‖f‖pLp(R+) =
∫
R+
|f |p dx, ‖f‖W k,p(R+) =
∑
0≤|α|≤k
‖Dαf‖Lp(R+), p ∈ (1,+∞).
Hk(R+) = W k,2(R+); ‖f‖L∞(R+) = esssupR+ |f(x, t)|.
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Consider the following IBVP:
Lu ≡ ut + u
kux + uxxx = 0, in QT ; (2.1)
u(0, t) = 0, t > 0; (2.2)
u(x, 0) = u0(x), x ∈ R
+, (2.3)
where u0 : R
+ → R is a given function and k = 1, 2. When k ≤ 3,
(2.1) is called the regular KdV generalized equation while k = 4 cor-
responds to the critical KdV equation, [12, 13, 15, 16]. The regular
case k = 1 has been intensively studied [3, 13], while published re-
sults on initial-boundary value problems in generalized case k ≥ 2 in
unbounded domains, such as half-line, are almost unknown.
Hereafter subscripts ux, etc. denote the partial derivatives, as well
as ∂x when it is convenient. By (·, ·) and ‖ · ‖ we denote the inner
product and the norm in L2(R+), and ‖ · ‖Hk(R+) stands for the norm
in L2-based Sobolev spaces.
We will need the following result [10].
Lemma 2.1. Let u ∈ H1(R+) and u(0, t) = 0, then
‖u‖L4(R+) ≤ 2
1/2‖ux‖
1/2‖u‖1/2, ‖u‖L8(R+) ≤ 4
3/4‖ux‖
3/4‖u‖1/4. (2.4)
Proposition 2.1. Let for a.e. fixed t u(x, t) ∈ H1(R+). Then
sup
x∈R+
u2(x, t) ≤ 2‖u‖(t)‖ux‖(t). (2.5)
3. Existence theorem
Theorem 3.1. Given u0 ∈ H
3(R+) such that u0(0) = 0. Then for all
positive T there exists a unique regular solution to (2.1)-(2.3) such that
u ∈ L∞(R+;H3(R+)) ∩ L2(R+;H4(R+));
ut ∈ L
∞(R+;L2(R+)) ∩ L2(R+;H1(R+))
To prove this theorem, we will use regularization of (2.1)-(2.3) by
an initial-boundary value problem on the half-line for the following
Kawahara equation
Lǫu
ǫ ≡ uǫt + u
ǫkuǫx + u
ǫ
xxx − ǫu
ǫ
xxxxx = 0 in QT ; (3.1)
uǫ(0, t) = ǫuǫx(0, t) = 0, t > 0; (3.2)
uǫ(x, 0) = um0 (x), x ∈ R
+, (3.3)
where ǫ ∈ (0, 1] and um0 (x) is an approximation of u0(x) by functions
um0 ∈ H
5(R+) such that
lim
m→∞
‖u0 − u
m
0 ‖H3(R+) = 0.
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For ǫ = 1, (3.1)-(3.3) has been studied in [4] where it has been estab-
lished that for k < 8 this problem has a regular solution for all T > 0
provided a function um0 (x) satisfies some compatibility conditions at
x = 0. Problem (3.1)-(3.3) with ǫ ∈ (0, 1) can be treated with the same
arguments.
Our goal is to prove necessary a priori estimates for uǫ(x, t) indepen-
dent of ǫ that will allow us to pass to the limit as ǫ → 0 and m → ∞
getting a unique global regular solution for k = 1, 2.
Proof. Estimate I. Multiply (3.1) by uǫ and integrate over Ω × (0, t)
to obtain
‖uǫ‖2(t) + ǫ
∫ t
0
|uǫxx(0, τ)|
2 dτ = ‖uǫ0‖
2 ≤ ‖u0‖
2, t > 0. (3.4)
Estimate II. Write the inner product
2 (Lǫu
ǫ, (1 + x)uǫ) (t) = 0,
dropping the index ǫ, in the form:
d
dt
(
(1 + x), u2
)
(t) + ǫu2xx(0, t) + 3‖ux‖
2(t)
+ 5ǫ‖uxx‖
2(t) = −2((1 + x)ukux, u)(t). (3.5)
Taking into account (2.4) and (3.4), we obtain
I =− 2((1 + x)ukux, u)(t) =
4
k + 2
(uku2)(t)
≤ 2sup(R+)u
2(x, t)‖u‖2(t) ≤ 4‖u‖3(t)‖ux‖(t)
≤ 2[‖ux‖
2(t) + ‖u0‖
6].
Substitutinjg I into (3.5), we get
d
dt
(
(1 + x), u2
)
(t) + ǫu2xx(0, t) + ‖ux‖
2(t)
+ 5ǫ‖uxx‖
2(t) ≤ ‖u0‖
6.
Hence
(
(1 + x), u2
)
(t) +
∫ t
0
[
ǫu2xx(0, τ) + ‖ux‖
2(τ)
+ 5ǫ‖uxx‖
2(τ)
]
dτ ≤ T‖u0‖
6 + ((1 + x), u20)
≤ (1 + T‖u0‖
4)((1 + x), u20) ≡ C1((1 + x), u
2
0). (3.6)
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Estimate III. Write the inner product
2
(
Lǫu
ǫ, (1 + x)2uǫ
)
(t) = 0,
dropping the index ǫ, in the form:
d
dt
(
(1 + x)2, u2
)
(t) + 2ǫu2xx(0, t) + 6‖(1 + x)
1/2ux‖
2(t)
+ 10ǫ‖(1 + x)1/2uxx‖
2(t) = −2((1 + x)2ukux, u)(t) (3.7)
Taking into account (2.4) and (3.4), we obtain
I =− 2((1 + x)2ukux, u)(t) = −
4
k + 2
((1 + x)uku2)(t)
≤
4
k + 2
sup(R+)u
2(x, t)((1 + x), u2)(t) ≤
8
3
‖u‖(t)‖ux‖(t)((1 + x), u
2)(t)
≤
4
3
‖(1 + x)1/2ux‖
2(t) +
4
3
‖u0‖
2((1 + x), u2)2(t).
Substituting I into (3.5), we obtain
d
dt
(
(1 + x)2, u2
)
(t) + 2‖(1 + x)1/2ux‖
2(t)
+ 10ǫ‖(1 + x)1/2uxx‖
2(t) ≤ 2‖u0‖
2((1 + x)2, u2)2(t)
≤ 2C21‖u0‖
2((1 + x), u20)
2.
This implies
((1 + x)2, |uǫ|2)(t)
+
∫ t
0
[
2‖(1 + x)1/2uǫx‖
2(τ) + 10ǫ‖(1 + x)1/2uǫxx‖
2(τ)
]
dτ
≤
(
1 + 2C21T‖u0‖
2((1 + x)2, u20)
1
]
((1 + x)2, u20)
≡ C2((1 + x)
2, u20). (3.8)
Estimate IV
Dropping the index ǫ, write the inner product
2 ((1 + x)uǫt), ∂t(Lǫu
ǫ) (t) = 0
as
d
dt
(
(1 + x), u2t
)
(t) + ǫu2xxt(0, t) + 3‖uxt‖
2(t) + 5ǫ‖uxxt‖
2(t)
= 2
(
(1 + x)ukut, uxt
)
(t) + 2(uk, u2t )(t). (3.9)
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Taking k = 2, we estimate
I1 = 2
(
(1 + x)ukut, uxt
)
(t)
≤ 2‖uxt‖(t) sup
(R+)
|u(1 + x)1/2u(x, t)|2‖(1 + x)1/2ut‖(t)
≤ 4‖uxt‖(t)‖(1 + x)
1/2u‖(t)‖((1 + x)1/2u)x‖(t)‖(1 + x)
1/2ut‖(t)
≤ 2‖uxt‖
2(t) + 2‖(1 + x)1/2u‖2(t)‖
u
2(1 + x)1/2
+ (1 + x)1/2ux‖
2(t)((1 + x)1/2, u2t )(t)
≤ 2‖uxt‖
2(t) + 4‖(1 + x)1/2u‖2(t)
[
‖u‖2(t)
+ ((1 + x), u2x)(t)
]
((1 + x), u2t )(t).
Similarly,
I2 = 2(u
k, u2t )(t) ≤ 2 sup
R+
u2(x, t)((1 + x), u2t )(t)
≤ 4‖u‖(t)‖ux‖(t)((1 + x), u
2
t )(t)
≤ 2
(
‖u0‖
2 + ‖ux‖
2(t)
)
((1 + x), u2t )(t).
Substituting I1, I2 into (3.9), we come to the inequality
d
dt
((1 + x), u2t )(t) + ǫu
2
xxt(0, t) + ‖uxt‖
2(t) + 5ǫ‖ uxxt‖
2(t)
≤ C
[
‖(1 + x)1/2u0‖
2 + ‖(1 + x)1/2ux‖
2(t)
]
((1 + x), u2t )(t). (3.10)
By (3.8), ‖(1 + x)1/2ux‖
2(t) ∈ L1(0, T ), hence
‖ut‖
2(t) ≤ ((1 + x), u2t )(t) ≤ C((1 + x), |u
ǫ
t|
2)(0), (3.11)
where C depends on ‖u0‖, T and
((1 + x), |uǫt|
2)(0) =
∫
R+
(1 + x)
[
− u0xxx − u
k
0u0x + ǫ∂
5
xu0
]2
dx
≤ 2
∫
R+
(1 + x)
[
− u0xxx − u
k
0u0x
]2
dx+ 2ǫ2
∫
R+
(1 + x)
[
∂5xu0
]2
dx.
(3.12)
Returning to (3.10), we find
((1 + x), |uǫt|
2)(t) +
∫ T
0
{‖uǫxt‖
2(t) + ǫ‖uǫxxt‖
2(t)}dt
≤ C((1 + x), |uǫt|
2)(0). (3.13)
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Passage to the limit as ǫ→ 0.
Rewrite (3.1) in the form
(uǫt, φ)(t) + (u
ǫ
x, φxx(t))−
1
k + 1
(uǫ(k+1), φx)(t)
+ ǫ(uǫxx, φxxx)(t) = 0, (3.14)
where φ(x) is an arbitrary function such that
φ ∈ H3(R+); φ(0) = φx(0) = φxx(0) = 0.
Making use of (3.8) and (3.13), we get
ǫ1/2‖uǫxx‖(t) ≤ C, ‖u
ǫ
x‖(t) ≤ C,
hence
lim
ǫ→0
ǫ‖uǫxx‖(t)‖φxxx‖ = 0,
and we obtain from (3.14)
(ut, φ)(t) + (ux, φxx)(t)−
1
k + 1
(u(k+1), φx)(t) = 0. (3.15)
Moreover,
lim
ǫ→0
((1 + x), |uǫt|
2)(0) = ((1 + x), |umt |
2)(0)
=
∫
R+
(1 + x){−um0xxx − u
mkum0x}
2dx, (3.16)
consequently,
lim
m→∞
∫
R+
(1+x){−um0xxx−u
mkum0x}
2dx =
∫
R+
(1+x){−u0xxx−u
ku0x}
2dx.
Multiplying (3.1) by (1+x)u and taking into account (3.7),(3.13) we
come to the inequlaity
‖ux‖
2(t) ≤ 2‖u0‖
6 + 2|((1 + x)ut, u)(t)| ≤ C,
then
uxxx = −u
kux − ut ∈ L
∞((0, T );L2(R+)).
In turn, multiplying this equality by −2((1 + x)uxx, we find that
uxx ∈ L
∞((0, T );L2(R+)), hence
u ∈ L∞((0, T );H3(R+)), ut ∈ L
∞((0, T );L2(R+))∩L2((0, T );H1(R+)).
Since ukux ∈ L
2((0, T );H1(R+)), then uxxx ∈ L
2((0, T );H1(R+)) and
u ∈ L∞((0, T );H3(R+)) ∩ L2((0, T );H4(R+));
ut ∈ L
∞((0, T );L2(R+)) ∩ L∞((0, T );H1(R+)).
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This proves the existence part of Theorem 3.1.
Uniqueness Let u1, u2 be two distinct solutions to (3.1)-(3.3) and
z = u1 − u2. Considering more interesting case k = 2, we find
Lz = zt + zxxx = −
1
3
(u31 − u
3
2)x = −
1
3
{z(u21 + u1u2 + u
2
2)}.
Multiplying this equation by 2(1 + x)z, we obtain
d
dt
((1 + x, z2)(t) + 3‖zx‖
2(t) + z2x(0, t)
= −
2
3
(z[u21 + u1u2 + u
2
2])x, (1 + x)z)(t). (3.17)
Estimate
I = −
2
3
(z[u21 + u1u2 + u
2
2])x, (1 + x)z)(t) =
1
3
((u21 + u1u2 + u
2
2), z
2)(t)
+
1
3
([(2u1 + u2)u1x + (2u2 + u1)u2x], (1 + x)z
2)(t)
≤
2
3
((u21 + u
2
2), z
2)(t) +
1
6
([(2u1 + u2)
2 + (2u2 + u1)
2
+ u21x + u
2
2x], (1 + x)z
2)(t) ≤
2
3
[sup
R+
u21 + sup
R+
u22]((1 + x), z
2)(t)
+
4
3
sup
R+
[u21 + u
2
2 + u
2
1x + u
2
2x]((1 + x)z
2)(t)
≤ C{‖u1‖
2
H2(R+)(t) + ‖u2‖
2
H2(R+)(t)}((1 + x), z
2)(t) ≤ C((1 + x), z2)(t).
Substituting I into (3.17), we come to the inequality
d
dt
((1 + x), z2)(t) ≤ C((1 + x), z2)(t).
Since z(x, 0) ≡ 0,,then
‖z‖2(t) ≤ ((1 + x), z2)(t) ≡ 0 t > 0.
This completes the proof of Theorem 3.1 
Remark 3.1. In the regular case k = 3, it is possible to prove local in
t the existence and uniqueness of regular solutions. On the other hand,
there are papers, [14], where a local dissipation term au, a > 0 is added
to (1.1). It helps to prove the existence, uniqueness and exponential
decay of small solutions.
Conclusions. An initial-boundary value problem for the generalized
KdV equation posed on the right half-line has been considered.The
existence and uniqueness of a regular global solution for all positive T
and arbitrary smooth initial data have been established.
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